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tive phase shifts in the scattered wave. This contrasts
with the first Born approximation and the usual
formulation of small-angle scattering, which require
the scattered field to be small. Furthermore, the first
Born approximation breaks down if the scattering is
weak but extends over a region that is large com-
pared with the incident wavelength (Gottfried, 1966).
In this case, (25) is not valid.

The fact that refraction phenomena and scattering
are intimately related is not new. Ewald and Oseen
(Born & Wolf, 1964) have provided rigorous
derivations of the laws of refraction and reflection of
light from considerations of scattering of electromag-
netic radiation from electric dipoles in optical media
(the Ewald-Oseen extinction theorem). Here, a
unified treatment of small-angle scattering and
refraction of X-rays has been obtained using the
Rytov approximation for the X-ray phase.
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Abstract

Statistical methods are used to derive an expression
for the average X-ray diffraction intensity, as a
function of (sin#)/A, of crystals with an incommen-
surate one-dimensional modulation. Displacive and
density modulations are considered, as well as a
combination of these two. The atomic modulation
functions are given by truncated Fourier series that
may contain higher-order harmonics. The resulting
expression for the average X-ray diffraction intensity
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is valid for main reflections and low-order satellite
reflections. The modulation of individual atoms is
taken into account by the introduction of overall
modulation amplitudes. The accuracy of this expres-
sion for the average X-ray diffraction intensity is
illustrated by comparison with model structures. A
definition is presented for normalized structure fac-
tors of crystals with an incommensurate one-
dimensional modulation that can be used in direct-
methods procedures for solving the phase problem in
X-ray crystallography. A numerical fitting procedure
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is described that can extract a scale factor, an overall
temperature parameter and overall modulation
amplitudes from experimental reflection intensities.

1. Introduction

For nonmodulated crystals, a statistical method
exists that allows for the determination of a scale
factor and an overall isotropic temperature param-
eter from X-ray diffraction data (Wilson, 1942). The
results are then used to bring the intensities from a
relative to an absolute scale and to calculate
normalized structure-factor amplitudes. This method
cannot be applied to X-ray diffraction data of
incommensurately modulated crystals, because of the
different behavior of the intensities of main and
satellite reflections.

Recently, an expression has been derived for the
average X-ray diffraction intensity, as a function of
(sinf)/A, of crystals with an incommensurate one-
dimensional displacive modulation (Lam, Beurskens
& van Smaalen, 19924). Averages for main reflec-
tions and averages for first-order satellites were used
together in a fitting procedure similar to that of
Wilson (1942). In this way, a scale factor, an overall
isotropic temperature factor and an overall modula-
tion amplitude could be determined directly from the
measured intensities. The overall modulation ampli-
tude was interpreted as a weighted average of the
individual modulation amplitudes. The results were
used to calculate normalized structure-factor ampli-
tudes (Lam, Beurskens & van Smaalen, 1993). How-
ever, because the Fourier series for the displacive
modulation were truncated at the first-order har-
monic, this expression for the average X-ray diffrac-
tion intensity is only valid for main reflections and
first-order satellites.

In the present paper, a more general expression is
derived for the average X-ray diffraction intensity of
incommensurate one-dimensionally modulated crys-
tals. This expression incorporates displacive and den-
sity (occupational) modulations and it allows
higher-order harmonics in the Fourier series of the
modulation functions. The average intensities of
satellites of any order can thus be described. The
modulation is taken into account by the introduction
of one overall modulation amplitude for each har-
monic of the displacive modulation and for each
harmonic of the density modulation. In addition, the
expression for the average X-ray diffraction intensity
is used to define normalized structure factors for
crystals with an incommensurate one-dimensional
modulation.

2. Structure-factor formalism

An incommensurately modulated crystal can be con-
sidered as a three-dimensional translationally sym-
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metric crystal (the basic structure), upon which a
periodic deviation (the modulation) is superimposed.
The wavelength of the modulation is incommen-
surate with respect to the lattice of the basic struc-
ture. Therefore, an incommensurately modulated
crystal does not have three-dimensional translational
symmetry. However, long-range order does exist.
The unit cell of the basic structure is spanned by the
vectors a; (i = 1, 2, 3). The reciprocal basic vectors a}
are defined by a;-af =46,;. The periodicity of the
incommensurate one-dimensional modulation is
given by the wave vector q=>?_, g;a*, where at
least one of the g; is an irrational number.

Two types of modulations are generally distin-
guished: displacive modulation and density modula-
tion. If displacive modulation occurs, the positions
of the atoms are subject to periodic variations. Let
the position of an atom u in the basic structure be
given by ryp = r§ + L, where rf§ is the position of the
atom in the basic-structure unit cell and L is a
basic-structure lattice vector. The position of the
same atom in the modulated crystal is then given by
rf =r§L + u* (q - rfyL), where u* describes the atomic
displacement. The function u* is periodic and can be
written as a truncated Fourier series,

k, [ 3
u“(q i) = X [Z Ui, isin Qmk,q - rgL — af, ,)a.],

k,=1
M

where Uy ; and af ; are the three amplitudes and
three phases respcctlvely, of the k,th harmonic and
K, is the maximum number of hannomcs contri-
buting to this series. Equation (1) can also be written
as

K,
v (q-ro) = 2 [UL“sin Qmk,q-rbyL)
k,=1

= Uk cos (2mk,q - r60)], @
with the vectors U; and Ug* given by
3
U= 3 Ut ;cos(at Ja; 3)
i=1
and
3
U= Y Uk ;sin(af, )a;, 4)
i=1
respectively.

In the case of a density modulation, it is the
occupancy factor that shows a periodic variation.
For an atom at basic-structure position rhy, the
occupancy factor, pf = p*(q-r§L), can be written as
the truncated Fourier series

K, .
P rb) =P + kZ P¢ sin 2mk,q x5 — BE), (5)
p=1
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where P¢ and Bf are the amplitude and phase,
respectively, of thé k,th harmonic and P§ is the
average occupancy factor of atom x. The maximum
number of harmonics contributing to this series is
denoted K,. Equation (5) can be rewritten as

KP
> B pk exp Qmik,q - rhy), ©6)

=

pHQrrE) =
with the complex amplitudes pk given by
—(PE/2)exp(—ipk) k,>0

k,=0 @)
k,<0.

pi =1 Pt
(iP‘i kp/2) €xXp (IBE k)

The diffraction pattern of an incommensurate one-
dimensionally modulated crystal consists of main
reflections at the nodes of the reciprocal lattice of the
basic structure, accompanied by satellite reflections
that are usually weaker. Diffraction vectors S =
Z? ) S;a* are defined as S=H + mq, where H=

1 H;a* is a diffraction vector of the basic struc-
ture and m is the satellite index. This means that, for
a given modulation wave vector q, each diffraction
vector S is uniquely characterized by a set of four
integers (H,, H,, Hs, m).t There are two kinds of
reflections: main reflections (m=0) and satellite
reflections (m = 0). The order of a reflection is
denoted |m|.

The structure factor for X-ray scattering from a
crystal with an incommensurate one-dimensional
modulation is written as (de Wolff, 1974;
Yamamoto, 1982)

N
FS,m)= 3 g"“(S,m)f*(S)exp[27i(S — mq)-rt], (8)
p=1
where the summation extends over all atoms (N) in
the basic-structure unit cell. The effect of the modu-
lation on the X-ray diffraction intensity is given by
the atomic modulation factor

1
g"(S;m) = [ p*(r) exp {2mi[S - w*(7) + mrl}d7, (9)
0
where p* and u* are the atomic modulation func-
tions for the density modulation and the displacive
modulation, respectively. The atomic scattering
factor /* may be approximated by

J*(S) = f6(s) exp (- Bs°), (10)

where f4 is the form factor for atoms at rest, B is an
overall isotropic temperature parameter and s=
(sin§)/A = S/2, with S being the length of the diffrac-
tion vector S. For the theoretical evaluations, f§ may

t (H,, H,, H,) are usually denoted (4, &, /).

GENERAL EXPRESSION FOR AVERAGE X-RAY DIFFRACTION INTENSITY

be approximated by
172

fé‘(S)=Z#{(1/0) EI[IE(S)F} , (1)

where Z, is the atomic number and o =X} _, Z2.
Note that, with the assumption of no anomalous
scattering, the atomic form factor is a real function.
From this and from the fact that g*(S,m)=
[g*(—S, —m)]*, where * denotes the complex conju-
gate, it follows that Friedel’s law applies to the.
structure factor.

Note that, for crystals with density modulation,
the atomic form factor f§ may actually represent the
scattering factor of an averaged atom. However, this
requires proper adjustment of the values of the
amplitudes P .

3. An expression for the average intensity

To derive the expression for the average X-ray dif-
fraction intensity, the atomic modulation factor g* is
evaluated first. From expression (2) for the atomic
displacement u*, a straightforward calculation leads
to

Ku

S-uw'(@-ri) = 3> CE(S)sin[2mkg e = 7£(S)]
- (12)

with the amplitude C§ and phase 1%, defined by the
transformation (PetfiGek, Coppens & Becker, 1985;
Petficek & Coppens, 1988)

{S UL = CL(S) cos [ (S)]
S+ UE* = CL(S)sin [9(S)]

and with C£(S) = 0. Note that, from (13), it follows
that tan [n% (S)] and therefore 0% (S) itself, depends
only on the orientation of S and not on its length.
From (13), by substitution of (3) and (4), the ampli-
tude C§ can be derived as (Lam, Beurskens & van
Smaalen, 1992a)
172
5|

CL(8) = [ (14

where U{ is a symmetric tensor that depends on the
amplitudes and phases of the k,th harmonic of the
atomic displacement, through the definition of its
components

(Ug),= (15)

Equation (14) clearly illustrates the anisotropic
behavior of the displacive modulation. It can be
shown that the displacive modulation simulates an
anisotropic temperature effect (see Appendix 4). For
the benefit of this paper, however, an isotropic
approach to the displacive modulation is needed.

(13)

2 Si(UE)y

hj=1

U;:u,iU#u,j Cos (af:,,‘i - aﬁ.,.j)'
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From (13), the amplitude C% can also be written as
CLAS) = 2s{(UL;*)? cos’ [8£:4(S)]
+ (UE*) cos? [8£°(S) 2. (16)

Here, UL and U%* are the lengths of the vectors
Ui and U“*‘, respectively. The angles between the
vectors S and Ui and between the vectors S and
UL are denoted ok and &%, respectively. Note
that both angles depend only on the orientation of S
and not on its length.

By substitution of (6) and (12) and by use of a
relation between exponential functions and Bessel
functions [equation (8.511-4) of Gradshteyn &
Rhyzik (1980)] the integrand of (9) becomes

Z pk exp[2mi(k, + m)7]
T (3

ke=1\mj=—-w

P

o [2CE(S)]

x exp {imf [nk(S) + 7 — 27rk,,1']}), )

where J, is the nth-order Bessel function of the first
kind. The multiple product with respect to &, and the
summation with respect to mj can be interchanged,
which causes (17) to become

Kp © © K,

2 2. 2 Pi‘,{ [T I [27C i‘u(S)]}
kp=—Kp mi= — m;u=—oc k,=1

Kll
X exp {,- S mi [nt(S) + w]}
k,=1
Kll
X exp [27ri(kp tm- 3 mf:uk,,)'r]. (18)
k,=1

With (18) for the integrand of (9), the integral with
respect to 7 can be evaluated. It follows that a term
in the multiple summation of (18) only contributes to
the integral if the condition

K,
kz_ lm,@‘"k,, =k,+m

is fulfilled. This leads to the following expression for
the atomic modulation factor:

(19)

g(m)=

>y é_m “ g_mpp{ [ o [27CE (S)]}

x exp {i S it [nt(S) + w]}. 20)
k=1

Note that (19) and (20) resemble similar expressions
implicitly given by (7) of Petfi¢ek & Coppens (1988),
where a more general case of displacive modulation
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is considered but where the effect of density moduia-
tion is not taken into account.

An expression for the intensity |F|* can be derived
from (8), by substitution of (20) for the atomic
modulation factor. Amongst other things, this
expression depends on the average positions r§ and
on the modulation parameters of the individual
atoms. As for nonmodulated crystals (Wilson, 1942),
the average of |F|* is calculated over a sufficiently
large set of reflections in a narrow s interval. This set
contains all diffraction vectors that have approxi-
mately the same length S and therefore have their
end points within a thin shell of radius S=2s in
reciprocal space. For a modulated crystal, the
behavior of the intensity of main reflections is quite
different from that of satellite reflections. Therefore,
for reflection order |m|, the average is calculated
separately.* The average of |F|* over such a set of
reflections is denoted (|F|?);,. Note that the expres-
sion for |F|* contains a number of terms that will
cancel when (|F|?);,, is evaluated. Which terms these
are and the conditions under which they cancel are
briefly described below.

To evaluate the expression for |F|?, the structure
factor [(8)] is first multiplied by its complex conju-
gate. Some of the terms in the resulting multiple
summation depend on a nonzero interatomic dis-
tance vector r§ — rg, where u and » denote different
atoms in the basic-structure unit cell. From the same
assumptions as used by Wilson (1942), it can be
shown that these terms will cancel when g|F [Ps,m 18
evaluated. Thus, in the expression for |F|* at hand,
only the term SN_ 1lg“/*|? has to be considered.

The next step involves the evaluation of |g“/*[* by
substitution of (20) for the atomic modulation
factor. In the resulting multiple summation, terms
occur that contain a factor expl[iX & (mf —

;(‘)nk (S)], with not all integer differences mg —
m' equal to zero. From (13), with the vectors Ui‘“
and U%® being nonzero and not parallel to one
another for each pair (u«,k,), it follows that, with the
previously specified set of reflections, the numerical
values of 7% (S) (modulo 27) are uniformly distrib-
uted throughout the interval [0,27].1 Consequently,

* Let there be a large set of satellite reflections, with all satellites
having their end points in a thin shell of radius S in reciprocal
space and with the same reflection order |m|. This set can be
divided into two other sets: one containing the m < 0 satellites and
the other containing the m >0 satellites. Because Friedel’s law
applies, a reflection in one of these two sets will always have a
Friedel-related reflection, having the same structure-factor ampli-
tude, in the other set. This means that the average intensity is the
same for both sets of reflections. Consequently, the average inten-
sity is independent of the sign of the satellite index m.

T It is realized that this is not true for special cases of the
vectors U and U%~, but such cases are not considered here. Also
note that, as in the conventional Wilson plot, atoms are supposed
not to be on special positions.
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these terms will also cancel when (|F[%);)., is
evaluated.

Herewith, the average intensity (|F|%;. can be
written as

<|F|2>s,|ml=exp(—2BS2){ Z=l[f6‘(S)]2}1“ (s;lm]). 21

The function I is written as a multiple summation of
discrete averages,

N K

M= 3 5 3 w5 (@ptPlo)

x <ﬁ IJ,Z,,,:"[27TC$:H(S')]> . @

5,|m|

where (10) and (11) have been used. The first two
factors in (21) make up the average intensity for
nonmodulated crystals (Wilson, 1942) while the last
factor (I') is the modification that describes the
devation from this average intensity caused by the
displacive modulation and/or the density modula-
tion. Note that the contribution of the displacive
modulation to the average intensity is not only
weighted by ZZ2 but, when density modulation
occurs, also by a factor |p¢|°. Thus, in the general
case of displacive modulation and density modula-
tion, mixing of different harmonics occurs in each
term of (22).

In the limit of diminishing modulation (for all
atoms u; Uk ;—0 for all k, and i, P& —1 and Pl —
0 for k, # 0), (21) reduces to the average intensity for
nonmodulated crystals. For main reflections (m = 0),
I'=1 and (21) becomes identical to the average
intensity for nonmodulated crystals. For satellite
reflections (m # 0), I'—0 and thus (|F|*);},—0, i.e.
the satellite reflections disappear.

4. Normalization of structure factors

For a proper evaluation of the average X-ray diffrac-
tion intensities, the symmetry of the crystal must be
taken into account. It can be shown that its main
effect is to enlarge the intensities of particular groups
of reflections by a factor ¢ the symmetry-
enhancement factor, which can be defined as for
nonmodulated crystals (Wilson, 1950; Giacovazzo,
1980; Lam, Beurskens & van Smaalen, 1993). One
can then define the partially normalized structure
factor E, by

E(S)= F(S){G(S) Zzl[fﬁ‘(S)]z} (23)
and, by use of (21), write its mean square as
(|EP)sm = €xp (= 2BsH)I(s;|m]). (24)

GENERAL EXPRESSION FOR AVERAGE X-RAY DIFFRACTION INTENSITY

As the experimental intensities / are on a relative
scale, a scale factor K is introduced and defined by

IFS)]2 = KI(S). 5)

From (23), (24) and (25), the observed average of
|E,]* on a relative scale, denoted G,(s;|m]), can then
be written as

Go(s;|m]) = <1(S){6 Z=l[f6‘(5)]2}_ >s|m|, (26)

while the theoretical expectation value, denoted
G(s;}m]), is equal to

Go(s;|ml) = K ~2exp (= 2B (s;m]).  (27)

After reflections have been sorted, for each reflec-
tion order |m], into suitable intervals of s, expressions
(26) and (27) can be employed by a fitting procedure
to estimate overall structural parameters (e.g. K, B
and possibly modulation parameters) from average
intensities.

Unfortunately, expression (22) for I" is not very
suitable for use with a fitting procedure. For non-
modulated crystals, the average X-ray diffraction
intensity can be estimated without any prior knowl-
edge of the crystal structure, except for the contents
of the unit cell (Wilson, 1942). Expression (22) not
only depends on the contents of the basic-structure
unit cell but also on the modulation parameters of
individual atoms. Consequently, evaluation of the
average intensity of an incommensurately modulated
crystal also requires knowledge of the complete
atomic modulation functions (p* and w*). Therefore,
to obtain an expression for the average intensity that
is suitable for use with a fitting procedure and that
does not depend on modulation parameters of indivi-
dual atoms, further approximation of I' [(22)] and
introduction of overall modulation amplitudes is
necessary. When this has been done (see §§ 5 and 6),
normalized structure factors can be defined by [(23),

(24)]

N -12
E(S) = FS) exp (BsZ){e(S)r(s; ) ¥ lm;(s)F} .
. (28)

5. A low-order approximation to I"

As a first approximation to I, the discrete average is
replaced by a continuous average, i.e. the last factor
on the right-hand side of (22) is replaced by

(1/4m)ff { kr=I lan,:u[2vrC;<‘u(S)]}d0, (29)

where the twofold integral with respect to (2 extends
over all orientations of the diffraction vector, while s
and |m| do not change.
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Furthermore, as in Lam, Beurskens & van
Smaalen (1992aq), it is assumed that the modulation
amplitudes of the individual atoms are small. For
this reason, all contributions to I" as a result of
integrals (29) will be neglected if the integrands are
of order higher than 2 in the modulation amplitudes.
Consequently, for all atoms w, the multiple sum-
mation with respect to the integers m in (22) can be
restricted to terms of the following types:

type 1,

mi =0 for all k,; (30)

type 2(a),
mg=1 and mf =0 fork,=k; 31

type 2(b),
mi=—1 and mf =0 fork,=k  (32)

Of course, each of the condmons (30), (31) and (32)
restricts the summation with respect to k, as well.
For each of these terms, the contribution to I is
evaluated as follows.

For terms of type 1, combination of conditions
(19) and (30) results in the extra condition k, = —m,
i.e. the summation with respect to k, in (22) no
longer exists for this case. As a result, a nonzero
contribution to I" for terms of type 1 is only possible
if the condition —K,<m<K, is fulfilled. As is
discussed later, K, can always be chosen to meet this
condition (see § 7). The contribution to I can then
be written, using (29), as

N
3 (ZilpnPAmo)S] { ﬂ Jo[2mCt (S)]}dﬂ- (33)
w=1

With the assumption that the amplitudes Cj are
small, the multiple product in (33) can be approxi-
mated using the series expansion for Bessel functions
[equation (8.440) of Gradshteyn & Ryzhik (1980)]
and disregarding all terms of order higher than 2 in
the amplitudes C%. Subsequent substitution of (16)
for C4 results in the following expression for the
integrand of (33):

1 — 8725 § {(U;:f)2 cos? [8-(S)]

+ (Ug )2 cos’[84°(S) ]} (34)

Note that each of the terms in (34) can be
integrated independently. Thus, the angles 6% and
8% can be replaced by a single integration variable &
and df2=sin (6) dé d¢, where 6 and £ are polar
angles, with 8 € [0,7] and ¢ € [0,277], describing
the orientation of the diffraction vector. Expression
(34) can then be replaced by

1- 877'2s2|: kg l(U,‘:u)z] cos? (8), (35
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where the atomic modulation amplitudes Uf are
given by

Ut = [(UL + (U™, (36)

By substitution of (35) for the integrand and by
use of the transformation x = cos (8), (33) becomes

1
P2 {1 —[4ms(V,./P,)xT/2}dx, 37
0
with overall modulation amplitudes defined by
N 1/2
P = [(1/0) > Zi]p,‘(jz:l , (38)
=1
K, 172
Vi, = ( kz_ 1 Vﬁ,,ku) (39)

and
N 1/2
Vk,,,k,, = [(1/0) Z=lZi lp;:plz(U;:u)z] . (40)

Note that the amplitudes Vi, x, are a mixture of
the modulation amplitudes of the |k,|th harmonic of
the density modulation and those of the k,th
harmonic of the displacive modulation.

Expression (37) is not a very good approximation
to (33). Especially at larger s values and larger
displacive modulations, the integrand of (37) may
even become negative. In contrast, the integrand of
(33) is positive or zero. To improve the behavior of
the present approximation, (37) is written as

K, 1
PLI {1

k,=10

— [47S(V i/ P)xF/2}dx,  (41)
which is correct up to second order in the ampitudes
of the displacive modulation. By use of the series
expansion for Bessel functions, the integrand of (41)
can be replaced by

JS[475(V i | Pr)x]. 42)

From a strictly mathematical point of view, the
replacement of a truncated series expansion by a
special function is, in general, not a unique opera-
tion. Of course, the main reason to use (42) for the
integrand of (41) is that squared Bessel functions are
also involved in (33). In addition, squared Bessel
functions show a more desirable behavior at larger
values of their arguments. This is in contrast to, for
example, approximations based on exponential func-
tions. Furthermore, for a special case of displacive
modulation, it can be shown that, for main reflec-
tions (m = 0), (33) can be evaluated to correspond
exactly to equation (12) of Lam, Beurskens & van
Smaalen (1992a). This also suggests the use of Bessel
functions for incorporating effects of higher-order
terms in the series expansion. By use of (42) for the
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integrand of (41),* the contribution to I" for terms of
type 1 can finally be written as

K,
P?n n Z(S, 0’ Vm,ku/Pm),
k=1
where the function Z is defined by [equation (12) of
Lam, Beurskens & van Smaalen (19924)]

(44)

Z(s;n,u)= f J%(4mrsux)dx. (45)

For terms of type 2(a), combination of conditions
(19) and (31) results in the extra condition k =k, +
m. Therefore, the summation with respect to k, in
(22) is now restricted to those terms that fulfil the
condition 1=<k,+m=<K,. The contribution to I’
can then be written, using (29), as

KP
> Z VAR AR 1)
m=1 k >
lsh+msK
X f JiR27CE . (S)]

x i JAR2wCLS)] }dO. (46)
k,=1

k, =2k, +m

Through the same procedure as is used for terms
of type 1, this expression can be approximated by

K, 1
Z P]chf{[47Ts( Vkp’kp + m/Pkp)x]2/4}dx, (47)
k,=—K, 0
Isk,+m=K,

where the overall modulation amplitudes P and
Vi i +m are given by (38) and (40), respectlvely
Note that the integrand of (47) only contains a
contribution from the factor J? in (46). In the present
low-order approximation, neglect of the higher-order
terms has effectively the same result as if all factors
J% in (46) had been replaced by 1.

* Instead of the integrand of (41), one can also replace the
integrand of (37) by a squared Bessel function. Expression (44)
can then be replaced by

PLZ(s; 0, V,,/P,). 43)

Although this is a less complicated expression than (44), it has a
serious disadvantage. For crystals with large displacive modula-
tions, the overall modulation amplitudes ¥, will be considerably
larger than the amplitudes V ., . However, the present approxi-
mations are based on small modulation amplitudes. Therefore,
(44) is expected to be a better approximation. Numerical tests
show that this is indeed true. Especially for main reflections, where
T is mainly determined by the contribution from terms of type 1,
and at higher s values, severe deviation from the true intensity
distribution occurred when (43) was used to estimate the X-ray
diffraction intensities.
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By use of the series expansion for Bessel functions,
the factor between braces in the integrand of (47) can
be replaced by a factor JZ. The contribution to I" for
terms of type 2(a) can then finally be written as

K

S PLZ( 1, Vs sml/Pr),  (48)

with the function Z given by (45).

For terms of type 2(b), conditions (19) and (32)
lead to the extra condition k= —(k,+ m) and the
summation with respect to k, in (22) is restricted to
those terms that fulfil the condition 1 = —(k, + m) <
K,. Because the contribution to I” for these terms can
be derived in exactly the same way as described for
terms of type 2(a), it can also be obtained from (48)
by replacement of every occurrence of k,+m by
—(k, + m).

As a further simplification, one can assume that,
for the |k,/th harmonic of the density modulation,
the amplitudes |pf | are approximately the same for
all atoms. One can then use the approximation

1/2
Vi /P, = Uy = [(1/0) s Zi(U;:u)z] . (49)
n=1

While, for given K, and K,, (44) and (48) require a
total number of (K, + 1)(K, + 1) overall modulation
amplitudes, with approximation (49), only K, + 1+
K, amplitudes are needed. This reduction of the total
number of overall modulation amplitudes is very
important for the development of a fitting procedure.
It will not only improve the convergence of the
procedure, but the fit parameters can also be
obtained more accurately. In fact, preliminary tests
showed that, without (49), a successful fitting pro-
cedure could not be developed because of depen-
dencies between the fit parameters, as is discussed in
§ 7. Also, note that the new overall modulation
amplitudes U, depend only on the displacive modu-
lation, whereas the amplitudes Vk &, also depend on
the density modulation. This means that, with (49),
density modulation and displacive modulation have
been ‘decoupled’, i.e. each type of modulation now
has its own overall modulation amplitudes. This will
make it easier to interpret the parameters obtained
from the fitting procedure.

With the expressions [(44), (43)] for the terms of
type 1 and types 2(a) and 2(b), using approximation
(49), and with zero for other terms, (22) leads to the
following result for I™:

K,
I(s; m)y=PZ 1 Z(s; 0, Uy)
k=1
KP
+ K Z K, PI%PZ(S; 1a U|kp+m|)' (50)

ls|k +m|sK
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To show that approximation (50) is independent
of the sign of the satellite index m, one should note
that from (7) it follows that |pf | = |p~, | for all u
and k,. Consequently, the amphtudes P, are
mdependent of the sign of k,. As a direct resuft, the
first term of (50) is mdependent of the sign of m.
Further, the second term of (50) does not change if
both m and k, are reversed in sign. Hence, I" [(50)] is
independent of the sign of the satellite index.

Before a discussion of which overall modulation
amplitudes can be estimated from a fitting procedure
employing (50), two special cases for I' are con-
sidered.

6. Special cases for I"

While (50) describes the effect of combined density
and displacive modulations on the average X-ray
diffraction intensities, one can also consider crystals
where only one of these two types of modulation
occurs.

For crystals with only density modulation [U% ;=
0 for all u, k, and i; see equation (1)], one can easily
show that U, =0, so that (50) reduces to

I(s; m) = P2, (51)

(assuming that K, is large enough; see § 7). It follows
that, for each reflection order [m|, Gs; |m|) has the
same functional form as the corresponding expres-
sion for nonmodulated crystals (Wilson, 1942). This
means that, for this special case, average intensities
can be estimated from a Wilson plot, which can be
made separately for each reflection order (although
this is not a recommended procedure).

If only displacive modulation occurs [for all atoms
i, Py # 0 and P | =0 for k, = 0; see (5)], it follows
that Py= 0 and Pk =0 for k,= 0. Consequently,
(50) reduces to

Kll
P51l Z(s; 0, Uy)) m=0

k,=1

P3Z(s; 1, Uy

I'(s; m)= (52)

m#0

(assuming that X, is large enough; see § 7). For small
displacive modulations, [1f~1Z(s; 0, U,) can be
approximated by exp(— 872s2U%/3), where U is de-
fined by (58) in Appendix A. This means that I'(s; 0)
resembles an isotropic temperature factor, causing
G.(s; 0) to have the same functional form as the
corresponding expression for nonmodulated crystals.
Hence, for this special case, only the average intensi-
ties of main reflections can be used in a conventional
Wilson plot. For satellite reflections, this is not pos-
sible because Z(s; 1, U},,) first increases with increas-
ing s and then decreases, which is not the behavior of
a temperature factor. (See Appendix A for a relation
between temperature parameters and displacive
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modulation.) Note that, if the displacive modulation
only contains a first-order harmonic (KX, =1), (52)
combined with (21) corresponds to equation (13) of
Lam, Beurskens & van Smaalen (1992a).

7. Estimating overall modulation amplitudes

The atomic modulation functions (u* and p*) are
represented by truncated Fourier series [(1) and (5)),
whereas the true series expansions of these functions
may contain an infinite number of harmonics, which
also implies an infinite number of modulation ampli-
tudes. However, a fitting procedure, employing (50),
(51) or (52), can only estimate a few modulation
parameters from the collected intensity data. This
also limits the number of terms of the truncated
Fourier series, given by K, and K,, and gives an
impression of the number of harmonics that can be
used to develop a model of the incommensurately
modulated structure.

To estimate overall modulation amplitudes from a
fitting procedure, it is assumed that, for each reflec-
tion order |m|, up to a maximum order my,,, the
data set contains enough reflections to draw a plot of
In Gy(s; |m|) versus s*>. For modulated crystals, this
plot may be considered as the analog of the Wilson
plot for nonmodulated crystals.

One problem is that a fitting procedure will not be
able to separate the scale factor K from the ampli-
tudes P, . When (27) is combined with (50), (51) or
(52), the scale factor always appears in the factors
P,,/K. To solve this problem, one can either fix the
value of the scale factor or the value of the amplitude
P,. A reasonable estimate for the scale factor can be
obtained from a conventional Wilson plot applied
only to the intensities of the main reflections. On the
other hand, an a priori chemical analysis of the
contents of the basic-structure unit cell may result in
an estimate for the overall amplitude P, In the
following, it is assumed that a reasonable estimate
for the scale factor is available, which is kept fixed.
Estimates for the overall modulation amplitudes can
then be obtained as follows.

For the special cases mentioned in § 6, the situa-
tion is fairly simple. If only density modulation
occurs, K, =0 and I is given by (51), extrapolation
of the plots towards s =0 results in estimates for
amplitudes P, with 0<|k,| < my,,. The slope of
each plot gives an estimate for the isotropic tempera-
ture parameter B. [With expression (51) for I', the
plots must be straight lines, parallel to one another.]
Note that the Fourier series for the density modula-
tion functions has to be restricted to K, = Myay.

For the case where only displacive modulation
occurs, K, =0 and I' is given by (52). It is evident
that B and U cannot be obtained separately from a
fitting procedure if only main reflections are
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involved. The reason is that, for main reflections, the
displacive modulation simulates a temperature effect
that adds to the true temperature parameter B, lead-
ing to the (pseudo)temperature parameter B, = B +
47*U%3 of the average structure (see §6 and
Appendix A). However, the dependency of Z(s; 0, u)
on s is entirely different from that of Z(s; 1, u). One
can therefore use main reflections together with sat-
ellites, in a single fitting procedure, to separate all
amplitudes U, with | < k, < m,,,, from the tempera-
ture parameter B (Lam, Beurskens & van Smaalen,
1992a). The Fourier series for the displacive modula-
tion functions can then be restricted to K, = my,,,.
Amplitudes U, corresponding to higher-order har-
monics (k, > my,,,) cannot be separated from the
temperature parameter B and may be given a zero
value. The amplitude P, can be determined by extra-
polation of the intensity distribution for the main
reflections towards s = 0.

For the general case, with I" given by (50), extra-
polation towards s = 0 results in estimates for ampli-
tudes P, with 0 < |k,| < my,,. To find out which of
the amplitudes Uy, can be determined from a fitting
procedure, one should remember that (50) is derived
using the assumption of small displacive modulations
and series are only expanded up to second order in
the amplitudes of the displacive modulation. A simi-
lar series expansion of (50), up to second order in the
amplitudes U, , would lead to a first-order poly-
nomial in s°. Consequently, in the present low-order
approximations, the m,,,, + | intensity distributions
allow at most 2(m,,, + 1) fit parameters. Because the
temperature parameter B and the amplitudes Py
already require m,,, + 2 fit parameters, there can be
at most m,, fit parameters associated with the
amplitudes Uy . On the assumption that lower-order
harmonics are the most important ones, one can only
estimate amplitudes U, with 1<k, <m,,. The
Fourier series for the displacive modulation can then
be restricted to K, = m,,,.

Note that, in practical situations, e.g. the
refinement of real structure with an incommensurate
one-dimensional modulation, the Fourier series for
the modulation functions are usually restricted to K,
= K, = my,, because, if satellite reflections with
|m| > m,,, are too weak to be observed, one may
assume that harmonics with |k,| > mp,, or k, > m,,,
are insignificant. However, this is not always the
case.

One should be aware that (50), (51) and (52) are
only approximations to (22). Therefore, the rules
given above should not be applied blindly. For
example, consider a crystal where only displacive
modulation occurs and assume that the atomic
modulation functions only contain first-order har-
monics, e.g. sine waves. If the amplitudes of the
atomic displacements are large enough, nonzero
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average X-ray diffraction intensities may be obtained
not only for main reflections and first-order satellites
but also for second-order satellites. Estimation of
overall modulation amplitudes, by use of expression
(52) for I', will then result in nonzero values for the
amplitudes U, and U,. However, from the atomic
modulation functions, it follows that U, =0 for
k,> 1. The discrepancy lies in the fact that, in the
derivation of (50), only a few low-order terms in the
multiple summation of (22) have been considered
[terms of type 1 and types 2(a) and 2(b)]. But the
first-order harmonics also contribute to second- and
higher-order reflections through the higher-order
terms in the multiple summation of (22). This dis-
crepancy especially occurs for large atomic dis-
placements.

On the other hand, consider a crystal with large
anharmonic displacive modulations, where higher-
order harmonics are very important, e.g. a ‘saw-
tooth’ modulation. Special structural effects that also
occur for nonmodulated crystals, e.g. molecules with
a noncrystallographic center of symmetry, and
special types of modulation, e.g. ‘rigid-body’ modu-
lation, may result in an excess of weak X-ray diffrac-
tion intensities (Lam, Beurkens & van Smaalen,
1993). Consequently, it may not be possible to
measure satellite reflections of order higher than 1
because these reflections are to weak to become
observed. One may then easily conclude from the
available intensity distributions that higher-order
harmonics are not important.

Note that, for crystals with only density modula-
tion, the rule described above is correct because the
|k ,|th-order harmonics only contribute to reflections
of order |k,|.

8. Numerical evaluation

The validity of approximation (50) for I" has been
tested by calculating intensity distributions from the
simulated X-ray diffraction data of several model
structures with different incommensurate one-
dimensional modulations. As for nonmodulated
crystals, the assumptions underlying the approxi-
mations require a structure with many symmetry-
independent equal atoms that are randomly distrib-
uted throughout the basic-structure unit cell. Here,
also, a random distribution of the components of the
atomic modulation functions is required. The model
structures were devised to fulfil these requirements as
closely as possible. As a first test for the theory,
expectation values for average X-ray diffraction
intensities were estimated using overall modulation
amplitudes calculated directly from the atomic
modulation parameters of the structural model. For
a subsequent test, overall modulation amplitudes
obtained from a fitting procedure were used.
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Characteristics of the model structures together
with details of all atomic modulations are given in
Table 1. All model structures (denoted P, D and DP)
created have superspace group P1(qi,q2,3), with a
realistic modulation wave vector. The basic-structure
unit cell has realistic cell dimensions and contains
50 C atoms, with the symmetry-independent atoms
randomly distributed throughout the cell and not
occupying any special positions. The model struc-
tures come with different types of modulation; struc-
ture P with displacive modulation, structure D with
density modulation and structure DP with a com-
bination of density modulation and displacive modu-
lation. The maximum numbers of harmonics
contributing to the atomic modulation functions [(1)
and (5)] are restricted to K,= K, =2. Amplitudes
and phases of the atomic modulation functions were
chosen at random but the atomic modulation ampli-
tudes Pf;| and U¥, [(36)] fluctuate within reasonable
limits around the overall modulation amplitudes P,
and U, , given by (38) and (49), respectively. For an
atom of structure DP, the modulation was obtained
by combining the displacive modulation of the corre-
sponding atom in structure P with the density modu-
lation of the same atom in structure D. Furthermore,
for each reflection order |m), reflections of structure
D have approximately the same average intensity as
reflections of structure P. Consequently, structure
DP is not dominated by a particular type of modula-
tion. Overall modulation amplitudes calculated
directly from the atomic modulation parameters of
the structural model are given in lines m of Table 2.
For all model structures, structure factors were cal-
culated (Yamamoto, 1985) for main reflections and
first- and second-order satellites (#,,, = 2), up to s
=1A"", using K=1 and B=2A2 (These calcu-
lated reflection intensities are denoted ‘reflection
data’.)

For each model structure, the intensity distribu-
tions (26) were obtained from the reflection data as
follows. First, suitable s intervals were created by
dividing reciprocal space into spherical shells of
equal volume. Then, for each reflection order |m],
reflections were partially normalized and sorted into
these intervals. Thus, each interval contains approxi-
mately the same number of reflections. In a progress-
ive averaging procedure, each interval was combined
with its two neighboring intervals. Finally, for each
reflection order, the resulting data points were plot-
ted as graphs of In G,(s; |m|) versus s*.

As a first test, for each reflection order, expecta-
tion values G, were estimated by use of (27), com-
bined with expression (50) for I', and compared with
the intensity distributions (26) obtained from the
reflection data. Here, I" was evaluated using overall
modulation amplitudes calculated directly from the
atomic modulation parameters of the structural
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Table 1. Model structure characteristics

Minimum (min.) and maximum (max.) values for the atomic
modulation amplitudes Py, (0= |k,| < Kp=2) and U} (1 <k, <
K, = 2) of the following model structures: structure P, with displa-
cive modulation; structure D, with density modulation; structure
DP, with density modulation and displacive modulation (see text
for explanation). The overall modulation amplitudes correspond-
ing to the atomic modulation amplitudes are given in Table 2.

Model Pt P Py ur A Us@A
structure min./max. min./max. min./max. min./max. min./max.

P 1/1 0/0 0/0 0.095/0.256 0.019/0.123
D 0.781/0.979 0.401/0.591 0.147/0.337 0/0 0/0
DP 0.781/0.979 0.401/0.591 0.147/0.337 0.095/0.256 0.019/0.123

Table 2. Overall modulation amplitudes

For each model structure, line m contains the values of the overall
isotropic temperature parameter B and the overall modulation
amplitudes P, (0<k,<K,=2) and U, (I= k.<K,=2)
calculated directly from the atomic parameters of the structural
model. Similarly, line f contains the values of the same param-
eters, but obtained from a fitting procedure employing (26) and
(27) with (50). For comparison, line W contains the values of the
parameters B and P, obtained from a conventional Wilson plot
applied only to the intensities of the main reflections.

Model
structure B(AY) P, P, P, U A U, (A)

m 2 1 0 0 0.200 0.080

P f 2.00 0.999 0.001 0.000 0.195 0.081
w 245 0.965
m 2 0.900 0.250 0.125 0 0

D f 1.99 0.897 0248 0.124 0.000 0.000
w 1.98 0.895
m 2 0900 0.250 0.125 0.200 0.080

DP f 2.01 0914 0.243 0.123 0.199 0.084
w 2.41 0.867

model (see lines m of Table 2). Figs. 1(a), (c) and (e)
show that, for all model structures, the true intensity
distributions are accurately reproduced, although a
small deviation at higher s values can be observed
for the intensity distribution of the second-order
satellites of structure DP.

As a next step, for each model structure, the
modulation parameters were estimated by use of a
fitting procedure employing (26), (27) and (50). Fit-
ting was done with the Marquardt nonlinear least-
squares method (Kowalik & Osborne, 1968;
Bevington, 1969). With the highest reflection order
Mmax €qual to 2, the following fit parameters were
used: the overall isotropic temperature parameter B
and the overall modulation amplitudes P, (0<k, <
K,=2)and U, (1 =<k,<K,=2). The scale factor K
was fixed to have the value 1 (see discussion in § 7).
Starting values for B and P, were obtained from a
conventional Wilson plot applied only to the intensi-
ties of the main reflections. (The amplitude P, was
assigned the value of K,;', where K, is the scale
factor of the Wilson plot.) The starting values for the
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amplitudes P, and P, were set to 0.001 while the
amplitudes U, and U, were assigned starting values
of 0.001 A. The fitting procedure minimized the
function

X=X wyi =y, =n), (S3)
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where, for each model structure, the summation with
respect to i counts the number of data points up to a
total number of », data points in all intensity distri-
butions together, n, is the number of fit parameters
and w; is a weight factor that counts the total
number of reflections in each s interval. Further, »? is
equal to In G,(s; |m|) calculated from the reflection
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Fig. 1. Natural logarithm of the partially normalized average intensity G,(s; |m]), as a function of s, for main reflections (circles), [m] =1
satellites (triangles) and |m| = 2 satellites (squares). The dotted lines are conventional Wilson plots applied only to the intensities of the
main reflections. The solid lines represent G.(s; [m]) calculated by use of (27), combined with expression (50) for I” and with overall
modulation amplitudes that are either calculated directly from the structural model or obtained from the fitting procedure.
(a) Structure P with amplitudes from the model. (b) Structure P with amplitudes from the fit. (¢) Structure D with amplitudes from
the model. (d) Structure D with amplitudes from the fit. (¢) Structure DP with amplitudes from the model. () Structure DP

with amplitudes from the fit.
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data and yf, which is a function of the fit parameters,
is equal to In G (s; [m|). Refinement of the ﬁt param-
eters was stopped when the decrease of y? became
less than 0.1% of the previous y? value.

For all model structures, the parameters obtained
from the fitting procedure (see lines f of Table 2) are
in good agreement with the parameters calculated a
priori from the atomic parameters of the structural
model (see lines m of Table 2). The starting param-
eters for B and P,, obtained from the Wilson plot,
are given by lines W of Table 2. Note that, for
structures P and DP, where displacive modulation
occurs, the B values obtained from the Wilson plot
are significantly larger than the B values obtained
from the fitting procedure. This is caused by the
large correlation between displacive modulation and
thermal motion (see Appendix A). For structure D,
where only density modulation occurs, the values of
the parameters B and P, obtained from the Wilson
plot are in good agreement with the values obtained
from the fitting procedure.

Figs. 1(b), (d) and (f) show that, for all model
structures, the intensity distributions (26) calculated
from the simulated reflection data are accurately
reproduced by the intensity distributions estimated
from the parameters obtained by the fitting pro-
cedure. Also, note that the Wilson plot, used to
estimate the starting values for B and P,, indicated
by a dotted line in each figure, coincides largely with
the intensity distribution estimated for the main
reflections.

The convergence of the fitting procedure turned
out to be reasonably fast (only a few minutes on a
PC with an 80486 processor). For structure P
(displacive modulation), approximately three times
as many cycles were needed before the stopping
criterion was fulfilled. This slower convergence was
probably caused by the amplitudes P, and P,, which
behaved somewhat unstably during the refinement
process. This is explained as follows. As mentioned
earlier, each amplitude P, (k, = 0) is estimated by
extrapolation of the intensity distribution for the
|k,|th-order satellites towards s = 0. This is also seen
from equation (50) for I, where the first term, which
is important at the lower s values, depends heavily
on the amplltudes P, (k,=0), whereas the second
term, which is important at the higher s values,
depends only weakly on these amplitudes, However,
there are some problems regarding this extrapo-
lation. First of all, the s intervals at lower s values
are much larger than those at higher s values, so
there are few data points near s = 0. Of course, one
can use smaller intervals, but this does not solve the
problem because the weight of the data points, which
is the number of reflections in each interval, must be
adjusted accordingly. In addition, as for non-
modulated crystals, one of the assumptions that
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leads to (50) is not valid for s=0 (Wilson, 1949).
Thus, the few data points near s =0 are unreliable
and should be excluded from the fitting procedure.
Second, for crystals where only displacive modula-
tion occurs, the intensity distribution for the satellite
reflections show asymptotic behavior at s=0, i.e.
In G(s; |m])— —  for s—0 and m = 0 (see Figs. la
and b). For these two reasons, determination of
the amplitudes P, (k, = 0), by extrapolation of the
intensity distributions for the satellite reflections
towards s = 0 will be less straightforward. In fact, the
refinement of these amplitudes depends heavily on
the second term of (50), which depends only weakly
on these amplitudes. As a result, convergence of the
amplitudes Py (k, = 0) will be slower but the values
obtained from the fitting procedure will be correct,
as is seen in Table 2. This slower convergence will
occur for any crystal for which displacive modula-
tion is the dominant type of modulation.

9. Concluding remarks

A theoretical expression is derived for the average
X-ray diffraction intensity, as a function of (sin8)/A,
of main reflections and low-order satellite reflections
of crystals with an incommensurate one-dimensional
modulation. The atomic modulation functions for
displacive and density modulations contain harmon-
ics up to any order. The modulation of individual
atoms is taken into account by the introduction of
overall modulation amplitudes. The theoretical aver-
age intensity is equal to the average X-ray diffraction
intensity of nonmodulated crystals (Wilson, 1942),
multiplied by a modification factor that depends on
(sinf)/A, the reflection order |m| and the overall
modulation amplitudes.

Tests performed on three idealized model struc-
tures show that the theoretical intensity distributions
(27), employing approximation (50), are in excellent
agreement with the simulated intensity distributions.
A fitting procedure is presented that enables the
estimation of the scale factor, the overall isotropic
temperature parameter and the overall modulation
parameters from the experimental intensity distribu-
tions (26). The estimated parameters again are in
excellent agreement with the parameters calculated
directly from the structural parameters [(38), (49)].

As is expected for the present idealized test struc-
tures, the theoretical intensity distributions evaluated
by use of estimated parameters compare slightly
better with the simulated intensity distributions than
those evaluated by use of calculated parameters. This
is more prominently observed for the second-order
satellites.

The values of the overall modulation amplitudes
estimated from the fitting procedure can be used to
obtain information about the type of modulation
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and the importance of the various harmonics
involved in the atomic modulation functions

The first applications of direct methods to incom-
mensurately modulated structures employed |F|
values instead of normalized structure factors (Hao,
Liu & Fan, 1987; Xiang, Fan, Wu & Li, 1990), as a
definition for the latter was not yet available.
Recently, preliminary definitions for normalized
structure factors have been proposed (Lam,
Beurskens & van Smaalen, 1992g,6, 1993) with
atomic modulation functions that contain only a
first-order harmonic. A more general definition for
normalized structure factors of crystals with an
incommensurate one-dimensional modulation has
now been given in (28). These normalized structure
factors can be used for the computerization of
various direct-methods procedures. Experiments
regarding the use of these normalized structure fac-
tors in the triplet phase relationship and the tangent
formula (Karle & Karle, 1966) are in progress (Lam
et al., 1994),

In situations where the displacive modulation gives
large anisotropic effects in reciprocal space, (14) may
be the basis for a more accurate definition of
normalized structure factors for crystals with an
incommensurate one-dimensional modulation.

The authors thank A. Janner (University of
Nijmegen) for many stimulating discussions. Part of
this work was supported by the Netherlands Foun-
dation for Chemical Research (SON), with financial
aid from the Netherlands Organization for the
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APPENDIX A4

For crystals with displacive modulation, it is well
known that the temperature parameters of an atom
in the average structure (i.e. the structure obtained
from main reflections only) are usually larger than
those of the same atom in the basic structure because
the displacive modulation simulates a temperature
effect (Pérez-Mato, Madariaga & Tello, 1986). The
relation between these temperature parameters and
the displacive modulation of the atom is shown as
follows. The correction to the atomic scattering
factor as a result of the anisotropic thermal vibration
of an atom is given by

3
€Xp [ -1 > (B“)ijSiSjai*aj*]a

i,j=1

(54)

where (B*); is the jjith component of the temperature
tensor B* and a;* is the length of a;*. Further, the
components of the temperature tensor of an atom in
the basic structure are denoted (Bf); while the com-
ponents of the temperature tensor of the same atom
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in the average structure are denoted (B%),;. For small
amplitudes C¢ [(14)] and in a low-order approxi-
mation [see condition (30)], one can easily show, by
use of (54) for the temperature factor and (20) for
the atomic modulation factor, that the relation
between these components can be written as

(BL); = (Bf); + 4=? § (UR)y(a*a*) ™", (55)
k=1

where the (Uf);, defined in (15), are the components
of the K, symmetric tensors U% . This clearly shows
that the displacive modulation of an atom introduces
an extra temperature factor. Note that, as long as the
multiple summation in (20) can be approximated by
the term given by condition (30), (55) can also be
used for structures where displacive modulation
occurs together with density modulation.

As for nonmodulated crystals, the temperature
tensors Bff and B¥ can be reduced to the effective
isotropic temperature parameters Bf.; and B,
respectively (Hamilton, 1959). Then, by use of (3),
(4), (15) and (36), the relation between these param-
eters can be obtained from (55) as

K,
Bler=Bler+ (47%/3) T (UL
k,=1

One can now write down a relation between the
overall isotropic temperature parameters B,y of the
basic structure and B, .« of the average structure. If,
as usual, overall temperature parameters are defined
as weighted averages over atomic temperature

parameters, then it follows from (56) that

Ba,eff = Bb,eff + (472/3)(}2’ (57)

where the effect of the displacive modulation is
accounted for by the overall modulation amplitude

U defined by
K, 1/2
o-( % w)",
k,=1

with the amplitudes U, given by (49).

(36)

(58)
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Abstract

This paper presents a method for the reliable extrac-
tion of structure-factor amplitude information from
the least-squares integrated-intensity refinement of
powder diffraction data. The inevitable overlap of
Bragg reflections can lead to strongly correlated
reflection intensities that can, in turn, produce
unrealistic negative intensity estimates. A Bayesian
method is presented that tackles the problem of
highly correlated positive and negative intensities.
The results indicate that accurate structure-factor
amplitudes may be recovered even in regions of a
powder diffraction pattern where overlap is almost
complete.

1. Introduction

Structure determination from powder diffraction
data alone is a substantial crystallographic challenge.
Powder diffraction data are, in general, of poorer
statistical quality than single-crystal data. More sig-
nificantly, however, the collapse of three dimensions
of diffraction data on to the one dimension of a
powder diffraction pattern leads to inevitable peak
overlap. Much attention has been given to the prob-
lems of overlapping integrated intensities (David,
1987, 1990; Jansen, Peschar & Schenk, 1992; Ester-
mann, McCusker & Baerlocher, 1992; Bricogne,
1991; Gilmore, Henderson & Bricogne, 1991). It is,
however, clear that a poor evaluation of the
integrated intensities in a powder diffraction pattern
will always lead to poor results no matter how good

©1994 International Union of Crystallography
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the algorithms used in the analysis of overlapped
reflections. In this paper, attention is focused on the
reliable extraction of structure-factor amplitudes. It
is assumed that the unit cell has already been derived
using, for example, auto-indexing techniques and
that, therefore, the Bragg-peak positions can be
accurately determined. The approach is based upon
the Pawley (1981) method and involves the least-
squares fitting of the diffraction pattern to separate
integrated intensities. The parameters that are
usually varied in such a procedure include back-
ground parameters, cell parameters (determining
peak positions), peak-width parameters (determining
peak shape) and the integrated intensities (which are
directly proportional to peak area). The procedure
works extremely well if peak overlap is either non-
existent or exact (in the case, for example, of 511 and
333 cubic Bragg reflections). When substantial over-
lap occurs, intensity values can become highly corre-
lated. Although the summed area of a group of
Bragg peaks will be well determined, the individual
intensities can vary wildly between negative and
positive values that are substantially larger in magni-
tude than the overall ‘clump’ intensity itself. This is
clearly wrong and has been taken to represent a
fundamental weakness of the least-squares method.
Pawley (1981) was aware of the problem and ingeni-
ously introduced into the least-squares analysis addi-
tional slack constraint terms that had the tendency to
force individual intensities to be close to the mean
value of a ‘clump’ of intensities. In practice, this
approach does not completely obviate the problem
of highly varying intensity values. An elegant tech-
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